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Abstract
We obtain an infinite sequence of bosonic non-local conserved quantities for
the N = 1 supersymmetric Korteweg-de Vries equation. It is generated from a
bosonic non-local conserved quantity of Super Gardner equation. In distinction
to the already known one with odd parity and dimension 12 , it has even parity
and dimension 1. It fits exactly in the supersymmetric cohomology in the space of
conserved quantities that we also introduce here. Using results from this cohomology
we obtain the Poisson bracket of several non-local conserved quantities, including
the already known odd ones and the new even ones. The algebra closes in terms of
polynomials of local and non-local conserved quantities. We prove that the bosonic
non-local conserved quantities cannot be expressed as functions of the already known
local and non-local conserved quantities of Super KdV equation.
Keywords: supersymmetry, supersymmetric models, integrable systems, conservation
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1 Introduction
Non-local conserved quantities are relevant in order to analyze algebraic and non-perturbative
aspects of field theory [1, 2, 3]. From the algebraic point of view the interesting non-local
conserved quantities should classically span an algebra in terms of Poisson brackets. If this
algebraic structure extends to the quantum formulation then it will determine important
properties of the field theory.
It is known [4] that the conformal algebra, generated by the energy momentum tensor
T with the composite fields built as powers of T and its derivatives, contains an infinite
dimensional abelian subalgebra whose classical limit is spanned by the local conserved
quantities of KdV equation, see also [5, 6, 7].
It is then of interest to look for an algebraic extension of this abelian subalgebra, which
should then be formulated in terms of non-local conserved quantities.
It is known that N = 1 Super KdV [8, 9] possesses an infinite set of odd non-local
conserved quantities [10]. They may be derived from the Super Gardner equation [8]
following the original idea of Gardner [11]. There are two known conserved quantities of
Super Gardner equation. The local one [8] and an odd non-local one found in [12]. They
generate all known local and non-local conserved quantities of Super KdV equation. A
Gardner deformation has also been used to obtain the N = 2, a = 4 KdV hierarchy from
Kaup-Boussinesq equation [13].
In this paper we present a bosonic non-local conserved quantity of Super Gardner
equation, it generates an infinite sequence of bosonic non-local conserved quantities of
Super KdV equation. These ones cannot be expressed as functions of the previously
known local and non-local conserved quantities. We then analyze the algebra spanned by
all local and non-local conserved quantities of Super KdV. We do so by introducing an
algebraic and analytic approach which we call the supersymmetric cohomology. From it
we can obtain several of the Poisson brackets involving the non-local conserved quantities.
The bracket of two non-local conserved quantities contains non-linear terms, polynomials
in lower dimensional conserved quantities. This non-abelian algebra of non-local conserved
quantities is an unexpected feature of KdV theory. It involves a consistent construction
of Poisson brackets of non-local quantities, an area of recent interest in mathematical-
physics.
2 The N = 1 Super KdV equation and the Gardner
map
We denote Φ a superfield, Φ : R→ Λ where Λ is a Grassmann algebra with one generator
singled out,
Φ = ξ(x) + θu(x),
where u(x) and ξ(x) have even and odd parity respectively.
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We consider the ring of Schwartz superfields
C∞↓ (R,Λ) =
{
Φ ∈ C∞(R,Λ)/ lim
x→±∞
xp
∂q
∂xq
Φ = 0
}
,
for every p, q ≥ 0, the ring of integrable superfields
C∞I (R,Λ) =
{
Φ ∈ C∞(R,Λ)/
∂
∂θ
Φ ∈ C∞↓ (R,Λ)
}
,
and the rings of non-local superfields
C∞NL,1(R,Λ) =
{
Φ ∈ C∞(R,Λ)/DΦ ∈ C∞↓ (R,Λ)
}
,
C∞NL,2(R,Λ) =
{
Φ ∈ C∞(R,Λ)/D2Φ ∈ C∞↓ (R,Λ)
}
,
where D = ∂
∂θ
+ θ ∂
∂x
.
On the integration formulas in the next section we explicitly use that C∞↓ is an ideal
of C∞NL,2 and C
∞
NL,1.
The following relation holds C∞↓ ⊂ C
∞
NL,1 ⊂ C
∞
I .
In order to introduce non-local quantities we denote
D−1 (A + θB) =
∫ x
−∞
B(s)ds+ θA(x)
for any superfield A+θB ∈ C∞↓ . The map D
−1 : C∞↓ → C
∞
NL,1 satisfies DD
−1 = D−1D =
I.
The Super KdV equation [8] in superfield form is
Φt = D
6Φ+ 3D2(ΦDΦ), (1)
and the corresponding Gardner [11] equation in terms of the superfield χ is
χt = D
6χ+ 3D2(χDχ)− 3ǫ2(Dχ)D2(χDχ). (2)
(1) and (2) are related by the Super Gardner map [8]
Φ = χ+ ǫD2χ− ǫ2χDχ. (3)
It gives
Φt −D
6Φ− 3D2 (ΦDΦ) = [1 + ǫD2 − ǫ2 (Dχ+ χD)] ·
{χt −D
6χ− 3D2 (χDχ) + 3ǫ2 (Dχ)D2 (χDχ)} .
(4)
(3) maps solutions of (2) into solutions of (1).
The inverse is also true, provided we include in the space of solutions of (2) those
which are formal series in ǫ, χ =
∑∞
n=0 an(Φ, DΦ, ...)ǫ
n. Under the assumption χ ∈ C∞↓ ,
(3) implies Φ ∈ C∞↓ .
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3 A bosonic non-local conserved quantity of Super
Gardner equation
We introduce in this section a bosonic non-local conserved quantity of the Super Gardner
equation. We denote it HG,
HG =
1
2
∫
dxdθD−1
{
D
[
exp (ǫD−1χ)− 1
ǫ
]
D−1
[
exp (−ǫD−1χ)− 1
ǫ
]}
, (5)
assuming that χ ∈ C∞↓ .
HG is a well defined integral. In fact, the factor D
[
exp(ǫD−1χ)−1
ǫ
]
∈ C∞↓ while the
factor D−1
[
exp(−ǫD−1χ)−1
ǫ
]
∈ C∞NL,2, hence the product belongs to C
∞
↓ . Finally
D−1C∞↓ ⊂ C
∞
NL,1 ⊂ C
∞
I ,
and consequently the integral is a well defined quantity.
HG has the same parity as the local conserved quantity and opposite to the already
known non-local conserved quantity of Super Gardner equation.
We now prove that HG is a conserved quantity of the Super Gardner equation.
We denote f(ǫ) ≡ 1
ǫ
(exp(ǫD−1χ)− 1), then f(−ǫ) = 1
ǫ
(1− exp(−ǫD−1χ)).
Then
dHG
dt
= −
1
2
∫
dxdθD−1
[
D∂tf(ǫ) ·D
−1f(−ǫ) +Df(ǫ) ·D−1∂tf(−ǫ)
]
.
The dot · in the above and following expressions is used to denote the product of super-
fields. It is omitted when the expressions do not lead to ambiguities.
The evaluation of ∂tf(ǫ) on the solutions of the Super Gardner equation yields
∂tf(ǫ) = exp(ǫD
−1χ) ·
(
D−1
∂χ
∂t
)
= D (g(ǫ))
where
g(ǫ) = exp
(
ǫD−1χ
)
·
(
F0 + ǫF1 + ǫ
2F2
)
and F0 = D
4χ+ 3χDχ, F1 = χD
3χ−DχD2χ, F2 = −2χ(Dχ)
2.
Thus
dHG
dt
= −
1
2
∫
dxdθD−1
[
D2g(ǫ) ·D−1f(−ǫ) +Df(ǫ) · g(−ǫ)
]
,
moreover the integrand may be rewritten as
D−1
[
D2
(
g (ǫ)D−1f(−ǫ)
)
− g(ǫ)Df(−ǫ) +Df(ǫ) · g(−ǫ)
]
.
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Consequently,
dHG
dt
= −
1
2
∫
dxdθD
[
g(ǫ)D−1f(−ǫ) + 2χD2χ
]
with the bracket term belonging to C∞↓ (R,Λ). In fact, g(ǫ) ∈ C
∞
↓ (R,Λ) and D
−1f(−ǫ) ∈
C∞NL,2(R,Λ).
We then conclude that dHG
dt
= 0 on the solutions of the Super Gardner equation: HG
is a conserved quantity of the Super Gardner equation.
HG may be rewritten as
HG =
∫
dxdθ
{
D−1
[
exp(ǫD−1χ)+exp(−ǫD−1χ)−2
2ǫ2
]
+
+1
2
[
exp(ǫD−1χ)−1
ǫ
]
D−1
[
exp(−ǫD−1χ)−1
ǫ
]}
.
(6)
Although each term in the integrand does not belong to C∞I , the summation of both terms
is in C∞I .
Although the presentation of the conserved quantity in this section has been in a top
down scheme, it was really obtained the other way around. We got the first two bosonic
non-local conserved quantities of SKdV equation from a recursive approach and later
one, having them as reference, we deduced using the Gardner transform the conserved
quantity of the Super Gardner equation. In the following section on the supersimmetric
cohomology we explain why this bosonic quantities should arise.
4 Infinite sequence of bosonic non-local conserved
quantities of Super KdV equation
We now follow the ideas in [11] and in [8].
Following [11] the conserved quantity HG induces then infinitely many non-local con-
served quantities of (1). The first two of them are:
HNL1 = −
1
2
∫
dxdθD−1(ΦD−2Φ), (7)
HNL3 =
∫
dxdθD−1
[
Φ
(
−1
2
D2Φ +DΦ ·D−2Φ+
+1
2
D−2Φ · (D−1Φ)
2
+ 1
4
D−1Φ ·D−1(D−1Φ)
2
)]
.
(8)
(7) and (8) may be rewritten as
HNL1 =
∫
dxdθ
[
D−1
(
1
2
(
D−1Φ
)2)
−
1
2
D−1Φ ·D−1
(
D−1Φ
)]
, (9)
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HNL3 =
∫
dxdθ
[
−1
2
D−1(ΦD2Φ) +D−1(DΦ · Φ ·D−2Φ) + 1
24
D−1(D−1Φ)
4
−
−1
6
D−2Φ(D−1Φ)
3
+ 1
8
(D−1Φ)
2
D−1(D−1Φ)
2
]
.
(10)
Each term in the integrands of (9) and (10) belongs to C∞NL,2, but the combination is
in C∞I .
It is interesting to rewrite them in terms of component fields, for example, (7) becomes
−
1
2
∫ ∞
−∞
dx
(
ξ(x)
∫ x
−∞
dsξ(s)
)
. (11)
It is straightforward to verify that the time derivative of (11) evaluated on the solutions
of SKdV is zero.
The infinite sequence of local conserved quantities of the N = 1 Super KdV equation
were obtained by Mathieu [8] from one conserved quantity of the Super Gardner equation
G1 =
∫
dxdθχ =
∑
n=0
ǫ2nH2n+1,
using the inverse Gardner transformation. The infinite sequence of fermionic non-local
conserved quantities were obtained by Dargis and Mathieu [10] and Kersten [14]. Dargis
and Mathieu used a recursion operator method. This infinite sequence was latter on
obtained from one non-local conserved quantity of the Super Gardner equation
GNL1
2
=
∫
dxdθ
(
exp(ǫD−1χ)− 1
ǫ
)
=
∑
n=0
ǫnHNL
n+ 1
2
in [12].
In this paper we introduce the bosonic non-local conserved quantity in (5) which may
be denoted GNL1 . The subindex denotes the dimension of the corresponding conserved
quantity. It is interesting that both non-local conserved quantities HNL
2n+ 3
2
and GNL1 arise
from the fermionic and bosonic parts respectively of the superfield
1
2
∫
dxD
[
exp (ǫD−1χ)− 1
ǫ
]
D−1
[
exp (−ǫD−1χ)− 1
ǫ
]
(notice that there is no θ integration in the formula). In fact
1
2
∫
dxD
[
exp (ǫD−1χ)− 1
ǫ
]
D−1
[
exp (−ǫD−1χ)− 1
ǫ
]
= GNL1 + θ
[∑
n=0
HNL
2n+ 3
2
ǫ2n
]
+
+
θ
2
[
exp ǫG1 − 1
ǫ
]
·
[∑
n=0
(−1)n+1ǫnHNL
n+ 1
2
]
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(we thank an unknown referee for his remark on this point).
By taking
1
2
∫
dxdθD
[
exp (ǫD−1χ)− 1
ǫ
]
D−1
[
exp (−ǫD−1χ)− 1
ǫ
]
one only projects the θ factor in the above expression while by taking
1
2
∫
dxdθD−1
[
D
[
exp (ǫD−1χ)− 1
ǫ
]
D−1
[
exp (−ǫD−1χ)− 1
ǫ
]]
one projects the θ independent part.
GNL1
2
and GNL1 are both non-local conserved quantities of Super Gardner equation
and are not related by any algebraic relation. In fact, if we take the lowest dimensional
conserved quantity arising from GNL1 we obtain (11). It is not trivial and it cannot be
constructed as a function of the Dargis and Mathieu conserved quantities. At the end of
section 6 we give a general proof of this statement.
The property that the 2n + 3
2
sector of GNL1
2
and GNL1 arises from an associated su-
perfield, is similar to the case of the lowest dimensional conserved quantity obtained by
Dargis and Mathieu
∫
dxdθD−1Φ and the lowest dimensional local quantity
∫
dxdθΦ.
Both are constructed from the fermionic and bosonic projections respectively of the su-
perfield
∫
dxΦ, where only integration in x is considered. Moreover, the 2n+ 1
2
sector of
GNL1
2
and the local conserved quantities H2n+1 arise from an associated superfield in an
analogous way.
5 The SUSY cohomology on the space of conserved
quantities
The invariance under supersymmetry of SKdV equations implies that the SUSY transfor-
mations of conserved quantities are also conserved quantities. That is, ifH =
∫
dxdθh, h ∈
C∞I , is conserved under the SKdV flow then
δQH :=
∫
dxdθQh
is also a conserved quantity, where Q = − ∂
∂θ
+ θ ∂
∂x
is the generator of supersymmetric
transformations and anticommutes with the covariant derivative D.
The operation δQ acting on functionals of the above form is well defined since the
equivalence class of integrands
h→ h+Dg,
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with g ∈ C∞↓ , leaving H invariant, is transformed under δQ to the equivalence class of Qh
Qh→ Qh +QDg = Qh +D(−Qg)
where Qg ∈ C∞↓ .
δQ is a superderivation satisfying δQδQ = 0. In fact,
δQδQH =
∫
dxdθQ2h = −∂θh|
∞
−∞ = 0
since h ∈ C∞I .
For the local conserved quantities of SKdV, which we denote H2n+1(Φ), n = 0, 1, . . . ,
we have
δQH2n+1(Φ) = 0, n = 0, 1, . . . , (12)
where the index 2n+ 1 denotes the dimension of H2n+1.
If we consider the ring C∞↓ of superfields, H2n+1 is closed but not exact. However if we
extend the ring to the superfields in C∞NL,1, C
∞
↓ ⊂ C
∞
NL,1, then H2n+1 becomes exact and
it is expressed in terms of δQH2n+ 1
2
, n = 0, 1, . . . where Hn+ 1
2
, n = 0, 1, . . . denote the odd
non-local conserved quantities of SKdV [10, 14], they have dimension n+ 1
2
. The remaining
HNL
2n+ 3
2
, n = 0, 1, . . . plus a polynomial of lower dimensional conserved quantities is closed
but not exact in C∞NL,1, however if we extend the ring of superfields to C
∞
NL,2 they become
exact and equal to δQH
NL
2n+1, where H
NL
2n+1 are the even non-local conserved quantities we
have introduced in the previous section. They have dimension 2n+1. To obtain the exact
relation between them we use the conserved quantities of the Super Gardner equation.
We denote them G1, G
NL
1
2
and GNL1 . We have
G1 =
∫
dxdθχ =
∑
n=0
ǫ2nH2n+1, (13)
GNL1
2
=
∫
dxdθ
(
exp(ǫD−1χ)− 1
ǫ
)
=
∑
n=0
ǫnHNL
n+ 1
2
, (14)
HG ≡ G
NL
1 =
∫
dxdθ
{
D−1
[
exp(ǫD−1χ)+exp(−ǫD−1χ)−2
2ǫ2
]
+
+1
2
[
exp(ǫD−1χ)−1
ǫ
]
D−1
[
exp(−ǫD−1χ)−1
ǫ
]}
=
∑
n=0 ǫ
nHNLn+1,
(15)
where χ ∈ C∞↓ .
We notice that the odd powers of ǫ, in(15), are polynomials expressions of the Dargis
and Mathieu conserved quantities of Super KdV. For example
HNL2 =
1
2
HNL1
2
HNL3
2
. (16)
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We start the analysis by considering
δQG1 =
∫
dxdθQχ = χ|+∞−∞ = 0
since χ ∈ C∞↓ , hence we obtain (12).
We also have
δQG
NL
1
2
= exp(ǫG1)−1
ǫ
= G1 +
1
2
ǫG21 + · · ·
=
∑
n=0 ǫ
2nH2n+1 +
1
2
ǫ(
∑
n=0 ǫ
2nH2n+1)
2
+ · · ·
(17)
from which we obtain the relation between the odd non-local and local conserved quan-
tities. In particular we get
δQH
NL
1
2
= H1, (18)
and
δQH
NL
3
2
=
1
2
H21 = δQ(
1
2
H1H
NL
1
2
)
that is
δQ
(
HNL3
2
−
1
2
H1H
NL
1
2
)
= 0. (19)
This is the generic situation , from (17), H2n+1, n = 0, 1, . . . is expressed as an exact
quantity in terms of δQ[H
NL
2n+ 1
2
+ Σ products of lower dimensional conserved quantities]
while [HNL
2n+ 3
2
+Σ products of lower dimensional conserved quantities] is closed in the ring
C∞NL,1. If we extend the ring of superfields to C
∞
NL,2, then the closed quantity becomes
exact and expressed in terms of HNL2n+1, n = 0, 1, . . . The integrand of H
NL
2n+1 is expressed in
terms of superfields in C∞NL,2 with the property that the whole integrand belongs to C
∞
I .
In the case of HNL
n+ 1
2
the integrand is expressed in terms of superfields in C∞NL,1 ⊂ C
∞
I ,
hence each term is integrable. For example let us consider HNL1 (see (9)). The integrand
is in terms of D−1h where h are the integrands of previously known conserved quantities
HNL
n+ 1
2
and H2n+1. In this particular case we have
HNL3
2
=
∫
1
2
dxdθ(D−1Φ)
2
,
H1 =
∫
dxdθΦ,
HNL1
2
=
∫
dxdθD−1Φ.
This is also a generic property of HNL2n+1, n = 0, 1, . . . and as it was already known of
HNL
n+ 1
2
, n = 0, 1, . . . whose integrands may be expressed in terms of polynomials in D−1h
where h are the integrands of the local conserved quantities H2n+1.
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From (9) we have
δQH
NL
1 = H
NL
3
2
−
1
2
H1H
NL
1
2
that is, the closed quantity becomes exact in C∞NL,2. Similar relations are obtained from
(15) for higher dimensional conserved quantities. The general formula is
∑
n=0
ǫnδQH
NL
n+1 =
∑
n=0
ǫ2nHNL
2n+ 3
2
−
1
2ǫ
[
exp
(∑
n=0
ǫ2n+1H2n+1
)
− 1
][∑
n=0
(−ǫ)nHNL
n+ 1
2
]
(20)
In order to obtain (20) we used the non trivial property
expǫD
−1χ = Σ∞0 ǫ
npn
exp−ǫD
−1χ = Σ∞0 (−ǫ)
npn +DΣ
∞
0 ǫ
nΨn,
for certain odd superfields Ψn ∈ C
∞
↓ (R,Λ). The integrals of pn are obtained from (14).
We then have the following relations between the conserved quantities of SKdV equa-
tion:
H1 H3 H5 H7 · · ·
HNL1
2
HNL3
2
HNL5
2
HNL7
2
HNL9
2
. . .
HNL1 H
NL
3 H
NL
5
(21)
where the arrow denotes the action of δQ, up to lower dimensional conserved quantities
as explained previously.
The bosonic conserved quantities HNL1 , H
NL
3 , . . . fit then exactly in the SUSY coho-
mology of the previously known conserved quantities.
6 The Poisson bracket of the conserved quantities
We consider the Poisson bracket of superfields Φ at two different points in superspace as
given in [8]:
{Φ(x1, θ1),Φ(x2, θ2)} = P1∆, (22)
where P1 = D
5
1 + 3Φ1D
2
1 + (D1Φ1)D1 + 2(D
2
1Φ1) and ∆ = δ(x1 − x2)(θ1 − θ2).
We now use this fundamental bracket and the Super Leibnitz rules satisfied by the
Poisson bracket to obtain the Poisson bracket of local and non-local conserved quantities of
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SKdV equation. The first evaluation of Poisson brackets of non-local conserved quantities
of Super KdV equation was performed in [10]. We complete their work including the non
linear terms which appear in the evaluation of the brackets.
At each step in the evaluation we have to verify that the integrands belongs to C∞I .
It is well known that the local conserved quantities H2n+1 commute with any other
conserved quantity. We obtain for the Poisson bracket(commutators or anticommutators)
according to parity between HNL1
2
and any non-local conserved quantity, the following: let
I ≡
{∫
dx1dθ1D
−1Φ1,
∫
dx2dθ2
(
h
(
Φ2, D2Φ2, . . . , D
−1
2 Φ2
))}
.
We have ∫
dxdθD−1Φ =
∫
dxdθ (θΦ) .
Using the superderivative property of the Poisson bracket we obtain
I =
∫
dx1dθ1
∫
dx2dθ2θ1 {Φ1, h} =
=
∫
dx1dθ1
∫
dx2dθ2θ1
[
{Φ1,Φ2}
∂h
∂Φ2
+ {Φ1, D2Φ2}
∂h
∂D2Φ2
+
+ · · ·+
{
Φ1, D
−1
2 Φ2
} ∂h
∂D−12 Φ2
]
=
=
∫
dx1dθ1
∫
dx2dθ2θ1
[
(P1∆)
∂h
∂Φ2
−D2 (P1∆)
∂h
∂D2Φ2
+ · · ·−
− D−12 (P1∆)
∂h
∂D−12 Φ2
]
=
=
∫
dx1dθ1
∫
dx2dθ2P1θ1
[
∆ ·
∂h
∂Φ2
+D2∆ ·
∂h
∂D2Φ2
+ · · ·D−12 ∆ ·
∂h
∂D−12 Φ2
]
,
where P1θ1 = Q1Φ1 and
D2∆ = −D1∆, D
2
2∆ = −D
2
1∆, D
3
2∆ = D
3
1∆, D
4
2∆ = D
4
1∆, D
−1
1 ∆ = D
−1
2 ∆+ 1.
Replacing these relations into the above integral we get
I =
∫
dx1dθ1
∫
dx2dθ2
[
(Q1Φ1)∆
∂h
∂Φ2
+ (D1Q1Φ1)∆
∂h
∂D2Φ2
+
+
(
D21Q1Φ1
)
∆
∂h
∂D22Φ2
+ · · ·D−11 (Q1Φ1)∆
∂h
∂D−12 Φ2
]
=
=
∫
dx1dθ1
∫
dx2dθ2∆
[
Q1Φ1
∂h
∂Φ2
+ (Q1D1Φ1)
∂h
∂D2Φ2
+
11
+
(
Q1D
2
1Φ1
) ∂h
∂D22Φ2
+ · · ·+
(
Q1D
−1
1 Φ1
) ∂h
∂D−12 Φ2
]
=
= −
∫
dxdθQh
(
Φ, DΦ, . . . , D−1Φ
)
= −δQH.
We remark that each step in the calculation of the integrals is well defined. Since we
are working with a distribution ∆, we assume in this calculation that Φ is of compact
support.
The above argument, valid for the HNL
n+ 1
2
conserved quantities may be extended to any
conserved quantity H . In fact,
{Φ1, H(Φ2)} = P1 lim
ǫ→0
H(Φ2 + ǫ∆)−H(Φ2)
ǫ
(23)
for any H(Φ). We then have
{
HNL1
2
, H
}
=
∫
1
dx1dθ1
{
D−11 Φ1, H
}
=
=
∫
dx1dθ1θ1 {Φ1, H} =
∫
dx1dθ1θ1P1 lim
ǫ→0
H(Φ2 + ǫ∆)−H(Φ2)
ǫ
=
= −
∫
dx1dθ1P1θ1 lim
ǫ→0
H(Φ2 + ǫ∆)−H(Φ2)
ǫ
=
= −
∫
dx1dθ1Q1Φ1 lim
ǫ→0
H(Φ2 + ǫ∆)−H(Φ2)
ǫ
= −δQH.
We thus obtain {
HNL1
2
, H2n+1
}
= −δQH2n+1 = 0, (24){
HNL1
2
, HNL
n+ 1
2
}
= −δQH
NL
n+ 1
2
, (25){
HNL1
2
, HNLn+1
}
= −δQH
NL
n+1. (26)
For example, {
HNL1
2
, HNL1
2
}
= H1 (27){
HNL1
2
, HNL3
2
}
=
1
2
H21 (28){
HNL1
2
, HNL1
}
= −
1
2
H1H
NL
1
2
+HNL3
2
(29)
where δQHn+ 1
2
and δQHn+1 are obtained from (17) and (20).
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We now calculate the Poisson bracket
{
HNL3
2
, HNL3
2
}
. We have
{
HNL3
2
, HNL3
2
}
=
∫
1
dx1dθ1
∫
2
dx2dθ2
{
D−11 Φ1, D
−1
2 Φ2
}
D−11 Φ1D
−1
2 Φ2
where {
D−11 Φ1, D
−1
2 Φ2
}
= −D−11 D
−1
2 {Φ1,Φ2} = D
−1
1 P1D
−1
2 ∆.
We obtain
D−11 ∆ = H(x1 − x2 − θ1θ2)
where H(z) is the Heaviside step function: H(z) = 1, z > 0 and H(z) = 0 if z < 0 and
explicitly H(x1 − x2 − θ1θ2) = H(x1 − x2)− δ(x1 − x2)θ1θ2.
Also
D−12 ∆ = H(x1 − x2 − θ1θ2)− 1,
and after some calculations
D−11 P1D
−1
2 ∆ = D
2
1δ(x1 − x2 − θ1θ2) +D1 [2Φ1H(x1 − x2 − θ1θ2)− 2Φ1] +
+D2 [2Φ2H(x1 − x2 − θ1θ2)] + Φ1∆ =
(
D31 + Φ1
)
∆+
+D1 [2Φ1H(x1 − x2 − θ1θ2)− 2Φ1] +D2 [2Φ2H(x1 − x2 − θ1θ2)] .
Using these expresions in the above Poisson bracket we get
{
HNL3
2
, HNL3
2
}
=
∫
1
dx1dθ1
∫
2
dx2dθ2
(
D31 + Φ1
)
∆D−11 Φ1D
−1
2 Φ2 =
=
∫
dxdθ
(
D2ΦD−1Φ+ ΦD−1ΦD−1Φ
)
=
=
∫
dxdθ
(
−ΦDΦ +D
(
1
3
(
D−1Φ
)3))
= −H3 +
1
3
(H1)
3
where H3 and H1 are the local conserved quantities defined in the previous section.
We notice that besides the expected conserved quantities arising from dimensional
considerations, there are terms which are polynomials in the lower dimensional conserved
quantities.
We have thus obtain several relations pointing to the existence of an algebra, under
the Poisson bracket, of conserved quantities which extends the trivial algebra of local
conserved quantities. This algebra is expected to play a relevant role in the quantization
of the Super KdV hamiltonian.
Related nonlinear structures were observed in [15].
We will now use the Poisson algebra to prove that the conserved quantities HNL2n+1 can-
not be expressed as a function of the Dargis and Mathieu and local conserved quantities.
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Let us consider a bosonic function F (HNL
n+ 1
2
, H2n+1) and the bracket
{F (HNL
n+ 1
2
, H2n+1), H
NL
1
2
}.
We have, using the results before equation (24),{
H2n+1, H
NL
1
2
}
= 0,{
HNL
2n+ 1
2
, HNL1
2
}
= H2n+1 + P2n+1 (H2m+1) ,{
HNL
2n+ 3
2
, HNL1
2
}
= P2n+2 (H2m+1) ,
where Pk is a polynomial of degree k ≥ 2 of the arguments and dimension k.
We then have
{F (HNL
n+ 1
2
, H2n+1), H
NL
1
2
} =
∑
n
∂F
∂HNL
n+ 1
2
{
HNL
n+ 1
2
, HNL1
2
}
where ∂F
∂HNL
n+1
2
is an fermionic quantity. The term of lowest degree that one can obtain
from such expression is of degree ≥ 2. On the other side using the results in section 6
and equation (20) {
HNL2n+1, H
NL
1
2
}
= HNL
2n+ 3
2
+ P2n+ 3
2
(
HNLn+1, H2n+1
)
we have a linear term HNL
2n+ 3
2
for each n. Consequently HNL2n+1 cannot be expressed as
F (HNL
n+ 1
2
, H2n+1). In distinction as we explain in equation (16) H
NL
2n+2 may indeed be
expressed as a polynomial of the Dargis and Mathieu non-local conserved quantities.
7 Conclusions
We found a bosonic non-local conserved quantity of Super Gardner equation. It has
even parity and dimension 1, in distinction to the known odd one with dimension 1
2
.
It generates an infinite sequence of bosonic non-local conserved quantities for N = 1
Super KdV equation. We then introduced the supersymmetric cohomology. We proved
that the bosonic non-local conserved quantities HNl2n+1 cannot be expressed as functions
of the already known local and fermionic non-local conserved quantities of Super KdV
equation. The SUSY generator defines a nilpotent operator on the space of all conserved
quantities into itself. On the ring of C∞↓ superfields the local conserved quantities are
closed but not exact. However on the ring of C∞NL,1 superfields, an extension of the C
∞
↓
ring, they become exact and equal to the SUSY transformed of the subset of odd non-
local conserved quantities of the appropriate weight. The remaining odd non-local ones
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generate closed geometrical objects which become exact when the ring is extended to
the C∞NL,2 superfields, and equal to the SUSY transformation of the bosonic non-local
conserved quantities we have obtained. These ones fit exactly in the SUSY cohomology of
the already known conserved quantities. We finally used these properties to evaluate the
Poisson brackets between non-local conserved quantities. The bracket contains, besides
the expected terms from dimensional arguments, nonlinear terms, polynomials in lower
dimensional local and non-local conserved quantities.
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